Abstract Characteristic feature of the upper ionosphere is the occurrence of the ionospheric Alfvén resonator (IAR) and MHD waveguide, which can trap the electromagnetic waves in the frequency range from fractions of Hz to few Hz. The proposed numerical model is based on the solution of MHD equations in a realistic ionosphere, whose parameters are reconstructed from the IRI model. We estimated, both analytically and numerically, a critical, wave scale dependent, value of the Hall conductance when a wave equation for an uncoupled Alfvénic mode can be used to estimate the spectral parameters of the IAR. The model has enabled us to compare the contributions into the IAR Q-factor of the Joule dissipation in the lower ionosphere and a wave leakage into the magnetosphere. The first mechanism dominates during daytime, whereas the latter mechanism prevails during nighttime. The ground signatures of IAR can be used for monitoring of the F-layer plasma density and vertical total electron content on the basis of relationships derived from the developed IAR model.
dynamics. A MHD resonator can form a narrow-band multi-spectral structure of ultra-lowfrequency (ULF) emissions, which can be used as a tool of ''hydromagnetic spectroscopy'' of the outer space environment.
Since theoretical prediction of the existence of the Alfvén quasi-resonances in the ionosphere (Polyakov 1976; Polyakov and Rapoport 1981) the Ionospheric Alfvén Resonator (IAR) was intensively studied. IAR is formed due to a partial reflection of Alfvén waves from a steep gradient of the vertical profile of Alfvén velocity V A ðzÞ in the upper ionosphere. The IAR signatures were found at mid-latitude (Belyaev et al. 1987 , Belyaev et al. 1990 Kulak et al. 1999; Molchanov et al. 2004 ) and low-latitude (Bösinger et al. 2004 ) stations, at auroral latitudes (Belyaev et al. 1999) , and even poleward from the auroral oval (Semenova and Yahnin 2008) . More complete references can be found in reviews by Demekhov (2012) and Pilipenko (2012) . At the ground the IAR multiband spectral signatures are observed nearly every night, but never during daytime. In the auroral zone (Yahnin et al. 2003 ) the IAR observation probability also increases at night, but it is lower than at low latitudes. The enhanced geomagnetic activity hinders the midlatitude IAR observations (Parent et al. 2010) . The IAR signatures on the ground at midlatitude are regularly observed in years of minimum solar activity, and are practically absent in years of maximum solar activity .
The idea of Alfvén resonator also became popular in the solar (Leroy 1980 ) and planetary physics. The IAR formation along an inhomogeneous Jupiter-Io flux tube was suggested to explain periodic modulation of Jovian electromagnetic emission (S bursts) (Ergun et al. 2006) .
The IAR in the terrestrial ionosphere can be excited by various mechanisms, comprising magnetospheric, ionospheric, atmospheric sources, and active experiments. At auroral latitudes the IAR can be driven by a magnetospheric source, e.g. non-steady field-aligned current, and even may become unstable due to the feedback instability in the coupled magnetosphere-ionosphere system (Trakhtengertz and Feldstein 1991; Lysak 1991; Pokhotelov et al. 2001) . Small-scale kinetic Alfvén waves trapped in the IAR at auroral latitudes are supposedly responsible for the electron acceleration causing activation of auroral forms (Chaston et al. 2002) . The IAR influence was suggested as a possible mechanism which determines a central frequency of auroral Pi1c emission (Woodroffe and Lysak 2012 ). This suggestion is in accord with the increase of the auroral Pi1 emission mid-frequency from $ 0.2 Hz during daytime to $ 0.3-1.0 Hz during midnight (Heacock 1967) , similar to IAR eigenfrequency diurnal variation.
At middle and low latitudes a possible energy source for the IAR excitation is related to the distant global lightning centers in tropics (Belyaev et al. 1989) . Additionally, regional and near-by thunderstorms are able to generate signals in the IAR range (Fedorov et al. 2006; Surkov et al. 2006; Schekotov et al. 2011) .
The possibility of the IAR excitation by the fluctuations of neutral gas velocity at the heights of the ionospheric E-layer was theoretically predicted by Molchanov et al. (2004) , and Surkov et al. (2004) . Fluctuations of the neutral particle velocity result in the alternating ionospheric current, which radiates MHD waves into the upper ionosphere. However, this possibility has not been observationally validated yet.
Alfvénic pulse in the ionosphere and IAR response can be generated by an active manmade impact on the ionosphere, e.g. chemical release experiment (Gaidukov et al. 1993) , rocket exhaust gases (Deminov et al. 2001) , or modulated radioheating of the ionosphere (Trakhtengerts et al. 2000; Pashin et al. 2003) .
Different excitation mechanisms result in different waveforms of the IAR response upon an external driving. The multi-band spectral structure can be produced either by a superposition of oscillatory transients or a sequence of pulses with a regular time delay (Fedorov et al. 2014) .
The frequency difference between adjacent harmonics Df was suggested to be used as an effective tool for monitoring of the upper ionosphere density with ground magnetometers (Potapov et al. 2014) . The usage of IAR signatures for the spectroscopy of the top-side ionosphere requires a numerical model based on a realistic profile of the plasma constituents. Any approach to the interpretation of ionosphere resonance features demands a knowledge of spectral and dissipative properties of the IAR. Moreover, the sensitivity of modern electric field sensors and magnetometers onboard low-orbiting satellites became high enough to detect the IAR signatures in the top-side ionosphere (Simões et al. 2012; Dudkin et al. 2014) . To interpret correctly the satellite observations an adequate model of the IAR eigenmode altitude structure is necessary.
For the interpretation of basic IAR features mostly the theoretical models where the refractive index n A ðzÞ in the upper ionosphere was approximated by some functions, enabling an analytical solution, were applied (Polyakov and Rapoport 1981; Lysak 1993; Demekhov et al. 2000; Hebden et al. 2005) . In this approach, the bottom ionosphere was modeled by a thin layer with the height-integrated Pedersen conductance R P . The coupling of Alfvén and fast magnetosonic modes was neglected. However, such models could not adequately account for the realistic plasma profile in the upper ionosphere and dissipative properties of the lower ionosphere. Therefore, in more recent IAR models (Ermakova et al. , 2008 Bösinger et al. 2009; , realistic profile stemming from the International Reference Ionosphere (IRI) program and inclined geomagnetic field have been used (Bilitza and Reinisch 2008) .
The model proposed in this paper is more adequate as compared with most earlier studies, and is based on the realistic ionosphere modeled by the IRI model. The proposed model is aimed to describe quantitatively not only the spectral, but dissipative as well, parameters of the IAR. The results of this model have been calculated for the conditions corresponding to the data from mid-latitude station Moshiri (geomagnetic latitude 35:6 ).
Model of MHD waves in the ionosphere
We introduce a model of the magnetosphere -ionosphere -atmosphere -ground system which will be used to describe the properties of MHD waves in an inhomogeneous ionosphere. We use the Cartesian coordinate system, where the x, y and z-axes are directed southward, eastward, and upward, respectively; z ¼ 0 at the Earth surface. The magnetic field inclination (dip angle) is denoted as I (I [ 0 in the Northern and I\0 in the Southern hemisphere; vertical B 0 corresponds to I ¼ AEp=2). We also introduce the non-rectangular coordinate system x 1 ; x 2 ; x 3 È É with horizontal coordinate planes x 3 ¼ const (Fig. 1 ). This coordinate system is related to the Cartesian coordinate system with relationships x ¼ x 1 þ x 3 cot I, y ¼ x 2 , and z ¼ x 3 . In this system, coordinate lines x 3 coincide with magnetic field lines; the distance from the Earth surface along a field line is s ¼ x 3 = sin I. For low frequencies (Pc3-5 and Pi2 pulsations) the approximation of the thin layer ionosphere may be used. The most complete analytical relationships of the general theory of MHD wave interactions with a thin ionosphere can be found in (Alperovich and Fedorov 2007) . However, this theory cannot be used for waves in the IAR frequency range, whose field-aligned wave length is comparable to the scale of ionospheric inhomogeneity.
Therefore, a complete set of coupled wave equations in an inhomogeneous medium must be treated.
The atmosphere and the ground are assumed to be isotropic conductors with conductivities r a and r g . The system parameters do not vary in the horizontal direction, i.e. along x 1 and x 2 . Magnetospheric and ionospheric plasma are characterized by the tensor of complex dielectric permittivityêðz; xÞ.
The wave electric (e) and magnetic (b) fields are decomposed into two modes. The magnetospheric wave fields are the sum of an Alfvén mode (where the disturbed magnetic field b ? is perpendicular to B 0 and divergence-free, r Á b ? ¼ 0, whereas the longitudinal component is vanishing b k ¼ 0); and a fast magnetosonic (FMS) mode (where b ? is curlfree, r Â b ? ¼ 0, whereas the field-aligned component of the current vanishes j k ¼ 0). In its turn, an electromagnetic disturbance in the atmosphere and ground is composed of a electric (TH) E-mode and magnetic (TE) H-mode.
The wave structure across B 0 is characterized by the wave vector components in the N-S direction k 1 and E-W direction k 2 , as follows / expðÀixt þ ik 1 x 1 þ ik 2 x 2 Þ. The waves are assumed to be elongated in the azimuthal direction, so k 2 ¼ 0 and k ¼ k 1 . In this case, the Alfvén mode has an azimuthal magnetic component b 2 only, whereas the wave electric field with component e 1 lies in the meridional plane and is transverse to B 0 . The FMS mode has non-vanishing azimuthal electric component e 2 , radial magnetic component b 1 , and compressional component b 3 b k , whereas the azimuthal component b 2 ¼ 0.
Owing to a high resistance of the atmosphere, the current density near the Earth's surface is much less than the current density of ionospheric currents. Therefore, the ratio of magnetic components of the atmospheric E-mode to the magnetic components in the ionosphere is very small. In other words, the E-mode is very weakly excited by magnetospheric disturbances, and its contribution into the wave field will not be considered further.
The wave structure is determined from the solution of Maxwell's equations with the complex permittivity tensorê, which in a coordinate system with B 0 -aligned z-axis looks as follows 
The tensor components e ? and ig are calculated below numerically using the cold collisional plasma approximation (Ginzburg 1970) . In an oblique-angled coordinate system under the assumption e k ! 1, Maxwell's equations are reduced to the following system
Here l 0 and e 0 are the vacuum permeability and permittivity, respectively. If the wave frequency x is much less than any ion gyrofrequency X, then in the E-layer e ? ' ir P =x, g ¼ r H =x, and in the F-layer e ? ' e 0 c 2 =V 2 A , whereas off-diagonal terms are small, g % 0. A model with a full ionosphere and tilted field lines was also developed by Sciffer et al. (2005) using essentially the same equations, although they did not focus on the IAR. If the Hall conductivity r H can be neglected, then the basic system (2) splits into two uncoupled sub-systems for Alfvén waves
and for FMS waves
Limitations on a possible usage of reduced system (3) for the estimation of IAR spectral properties will be discussed in Sect. 6.
Numerical model of the IAR
To reconstruct the altitude profile of the complex permittivity tensor (1) for the basic Eq. (2) the IRI2007 program has been used. It is an empirical model computing height profiles of electron density N e , ion composition
, ion density N i , electron T e and ion T i temperatures, in the altitude range from 60 km up to the ionosphere-magnetosphere interface H ¼ 2000 km with cadence 1 km for a specified date and location. This model incorporates the COSPAR International Reference Atmosphere 1986 (CIRA-86) neutral temperature model and International Geomagnetic Reference Field (IGRF) model. In addition the model MSIS has been used to obtain temperature T n and concentration of neutral particles (He, O, N 2 , O 2 , Ar, H, N).
Using these parameters the altitude profiles of the electron and ion collision frequencies m e and m i , and the tensor components e ? ðz; xÞ and igðz; xÞ (1), have been calculated using general formulas from (Ginzburg 1970) . Also the important ionospheric parameters determined by the tensor (1), such as the complex plasma conductivities r 1 ðz; xÞ ¼ Àixe ? ðz; xÞ, r 2 ðz; xÞ ¼ xgðz; xÞ, r 3 ðz; xÞ ¼ Àixe k ðz; xÞ, and refraction index nðz; xÞ have been calculated. The frequency dependence of r 1 ðz; xÞ and r 2 ðz; xÞ become negligible for low frequencies x=X ( 1. In this case complex conductivities reduce to static Pedersen and Hall conductivities, r 1 ðz; xÞ ' r P and r 2 ðz; xÞ ' r H . Above the E-layer the refraction index of low frequency waves is n A ðz; xÞ ' c= V A ðzÞ ¼ Re ffiffiffiffiffiffiffiffiffiffiffi e ? =e 0 p . These approximate relationships can be used for waves in the ionosphere with frequencies up to several Hz. Besides finite-frequency effects / x=X, we neglect the coupling between Alfvén and FMS modes due to nonzero Hall conductivity. A validity of this assumption is discussed in Sect. 6.
The boundary problem for the system (3) was solved numerically using the pre-calculated profile of Pedersen permittivity e ? ðzÞ. This solution determines leaking Alfvén modes and their complex eigenfrequencies. The boundary condition at the bottom of Elayer (at x 3 ¼ h ¼ 80 km) is b 2 ¼ 0, which denotes the non-penetration of wave fieldaligned current into a low-conductive atmosphere.
The boundary condition imposed at the upper IAR interface with the magnetosphere at x 3 ¼ H, demands a special consideration. Strictly speaking, the ionospheric plasma and geomagnetic field B 0 are inhomogeneous, so the WKB-approximation for the system (3) cannot be applied. That is why the solution at x 3 ! H as a running up harmonic wave / expðik 3 x 3 Þ implicitly assumes a ''break'' of the Alfvén velocity profile V A ðx 3 Þ at x 3 ¼ H. The neglect of this peculiarity may distort the spectral pattern of eigenoscillations. To set a correct boundary emission condition at x 3 ¼ H one should apply a smoothing of the plasma parameters with some model. We have used the well-known model (Greifinger and Greifinger 1968)
where parameter d ( 1 determines the Alfvén velocity contrast between the F-layer and upper ionosphere. For this model the system (3) has an analytical solution via Bessel's functions. The profile of Alfvén velocity (5) at x 3 ! 1 tends to the constant value V 1 ¼ V 0 =d, which enables us to use the asymptotic as a combination of running up and going down waves / expðAEik 3 x 3 Þ, where k 3 ¼ xðV 1 sin IÞ À1 . With the adjustment of the parameters V 0 , d, and h, a good agreement of the modeling profile V A ðx 3 Þ with the realistic IRI-derived profile at x 3 H can be achieved in a wide range of altitudes (see example in Fig. 2 ). The replacement of realistic profile at x 3 ! H to the modeled one (5) gives us a possibility to use in this region an exact solution of the system (3), and therefore to reformulate the emission condition at x 3 ! 1 to the altitude x 3 ¼ H.
Numerical modeling results
Here we provide the results of the numerical modeling. The calculations were made for the conditions corresponding to middle latitude station Moshiri in the Northern hemisphere with geographical coordinates 44:37 N, 142:27 E, the corresponding dip-angle is I ¼ 58:6 (Shiokawa et al. 2010) . The vertical component of the geomagnetic field B 0z = 41,200 nT, the parameter of geomagnetic field line L ¼ 1:6, LT ' UT?9. The ground conductivity is high, r g ¼ 0:001 S/m, and corresponds to the skin-depth d g ' 16 km for f ¼ 1 Hz. The atmospheric conductivity is supposed to be r a ¼ 5 Á 10 À13 S/m. Here we present the typical features of the ionospheric and IAR parameters and their diurnal variations for Sep. 19, 2008 (day number 263) . For each UT the IRI profile has been constructed for the corresponding 12-months running mean solar Wolf number Rz 12 ¼ 7:7.
Diurnal variations of ionospheric parameters
The height-integrated Pedersen conductance R P (Fig. 3) Profiles of the basic ionospheric and MHD parameters along a field line: electron plasma density N e ðsÞ (Fig. 4, upper panel) and Alfvén refractive index n A ðsÞ (Fig. 4 , bottom panel), are shown for various UT. Though the decrease rate of N e with altitude is nearly the same at all UT, the gradient of n A ðsÞ is more steep during night hours 20-04 LT (UT = 11-19) than during daytime hours 07-17 LT (UT = 22-08). This difference is due to the contribution of heavy ions (O þ , NO þ ) into the content of the upper ionosphere, and consequently into the effective Alfvén velocity V A ðsÞ.
During nighttime a valley is formed in n A ðsÞ profile between F-layer and E-layer at altitudes $ 140 À 200 km. Ermakova et al. (2007) associated the eigenmode of this valley with wideband spectral peak around $ 6 Hz, which they named sub-IAR. Here we do not consider this feature.
Vertical structure of electromagnetic fields
As an example we consider the wave vertical structure of second harmonic (n ¼ 2) during daytime UT = 04 (Fig. 5 ) and nighttime UT = 16 (Fig. 6) hours. Amplitude jb 2 ðzÞj and je 1 ðzÞj (Fig. 5 , left-hand panel) variations correspond to the standing mode structure inside IAR (z\1200 km): antinodes of magnetic component coincide with nodes of electric component.
The ratio between electric and magnetic component, or impedance ZðzÞ ¼ l 0 e 1 =b 2 (Fig. 5, middle panel) , above the IAR (z [ 1400 km) has value corresponding to the travelling Alfvén wave, jZj ! jZ A j ¼ l 0 V A sin I. Inside IAR, |Z| drops to a lower value.
The phase shift between electric and magnetic component wðzÞ ¼ Arg ðe 1 =b 2 Þ (Fig. 5 , right-hand panel) reveals different wave structures inside and above IAR. At z [ 1400 km w ! 0, which is a feature of running wave, leaking from the IAR. At z \ 1200 km w ! p=2, which is typical for a standing wave structure. Thus, the altitude $ 1400 km may be considered as a reflection point of Alfvén wave. The phase shift wðzÞ experiences a jump about p upon crossing the mode node or anti-node. During nighttime (Fig. 6 ) the IAR eigenmode is shifted to lower altitudes as compared with daytime. The wave impedance increases upon moving to lower altitudes (Fig. 6,  medium panel) . The phase shift between electric and magnetic component is more evident during nighttime than during daytime (Fig. 6, right-hand panel) .
Spectral and energy characteristics of the IAR
Diurnal variations of the first four IAR harmonics eigenfrequencies f n ðtÞ and Q-factors Q n ðtÞ are shown in Fig. 7 . As expected, the IAR eigenfrequencies (upper panel) during daytime are lower than those for the nightside ionosphere due to a higher ionospheric plasma density. All harmonics gradually increase (e.g., f 1 from 0.3 to 1 Hz) till 18 UT (LT=3), and rapidly decrease after this time.
The Q-factor (Fig. 7 , middle panel) is larger during nighttime than during daytime. The most significant contrast is for lower harmonics (n ¼ 1À2). Thus, Q 1 [ 7 during 11-18 UT with extreme Q 1 % 9 at 14 UT, whereas the daytime values are Q 1 $ 2. Variations of Qfactor for higher harmonics (n ¼ 3À4) are less significant: from $ 3-5 during daytime up to $ 7 during nighttime. UT, hours The Q-factor is determined by two main energy loss processes: (a) leakage through the upper IAR boundary into the magnetosphere; and (b) Joule dissipation in the conductive layers of lower ionosphere. The height-integrated Joule dissipation J ¼ ð1=2Þ
is shown in Fig. 7 (bottom panel) for each harmonic by solid line. This plot shows that for all harmonics the Joule dissipation is the dominating damping mechanism during daytime, whereas a leakage into the magnetosphere, characterized by the Poynting energy flux (shown with dashed line) becomes most significant during nighttime. Figure 8 presents dependences on harmonic number n of harmonic frequency f n (lefthand panel) and Q n (right-hand panel). During nighttime, UT = 11-19, (dark dots) the frequencies f n are higher than during daytime, UT = 22-08 (empty dots). The frequencies are nearly equidistant and linearly grow with n. This justifies the equidistant estimate of spectral scale Df , made in WKB approximation (e.g., Potapov et al. 2014) .
During daytime Q-factors are rather low, e.g. Q 1 ' 2, but noticeably increase with n. During nighttime (dark filled circles) Q-factors are higher, but decrease somewhat with n from $ 8À9 to $ 6. On opposite, during daytime (empty circles) the Q-factor is low for lowest harmonics, but it increases till $ 3À4 for higher harmonics (n [ 3). In other words, during nighttime lower harmonics n ¼ 1À2 are better trapped in the IAR than higher harmonics n ¼ 3À4. In this aspect, the numerical modeling results differ from the predictions of the analytical model (Polyakov and Rapoport 1981) , which claimed that Q-factor is to be the same for all harmonics.
Diagnostics of the upper ionosphere with the use of IAR spectral features
The spectral features of IAR-associated structure observed on the ground can be used for ground-based monitoring of the nighttime F-layer peak plasma density N m . Diurnal evolution of TEC is qualitatively similar to N m variations and can be determined from ground magnetometer data, too (Fig. 9) . The correspondence between Df and N m during nighttime hours 06-16 UT (15-01 LT) when IAR signatures are evident, is well approximated on a log-log scale by a linear fit with coefficient a ¼ À0:97 % À1 (Fig. 10, bottom panel) . Therefore, the relationship between them can be modeled as
This relationship has been parameterized by geomagnetic field and inclination, as
, where B 0z is the vertical component of geomagnetic field in an observation site.
The relationship between Df and TEC during night hours, 06-16 UT(15-01 LT), when IAR signatures are evident, can be examined in a similar way. The dependence between TEC and Df in log-log coordinates is nearly linear (Fig. 10, top panel) . The factor in the linear regression a ¼ À0:95 is also very close to 1. Therefore, the dependence of TEC (measured in TECU = 10 16 m À2 ) on Df is well approximated by formula We compare our modeling results with the spectral relationships from Alpatov et al. (2005) numerical model based on approximation of n A ðzÞ and a perfectly reflecting E-layer. According to these calculations, dependence of resonant frequencies on harmonic number n was approximated as x n =X A ' ð2n þ 1Þ=3, whereas the interval between eigenfrequencies was Dx=X A ' 2=3, where X A is the resonator fundamental frequency. In our model the ratio Dx=X A ¼ 1:18 for UT = 4, and 0.86 for UT = 16, which is different from 0.66 in (Alpatov et al. 2005) .
The validity of the decoupled Alfvénic model
Let us estimate when the neglect of mode coupling owing to the Hall conductivity is possible for the determination of the IAR eigenfunctions. Here we show that this approximation is justified for a sufficiently small transverse wave scales (or large wave numbers k).
For such estimate we use a simplified model with an analytical solution. The Hall conductance is assumed to be concentrated in thin layer (E-layer) located at altitude h above the Earth's surface r H ðzÞ ¼ R H dðz À hÞ, where d is the delta-function. Below this thin layer is a homogeneous non-conductive space with the dielectric permeability e a ¼ e 0 (atmosphere), and above there is a plasma space characterized by Alfvén velocity V A . The complex Pedersen conductivity is distributed among the E-layer and upper space above it A at z [ h. Within the frameworks of this model the system (2) decouples into sub-systems for Alfvén and FMS waves above the E-layer. These modes are coupled in the thin layer at z ¼ h with a high anisotropic conductivity. This coupling is described by the heightintegrated across E-layer Eq. (2). These equations yield the continuity of transverse electric components, e 1;2 ðh À 0Þ ¼ e 1;2 ðh þ 0Þ, and determine the jump of magnetic field components
where b AE 1;2 ¼ b 1;2 ðh AE 0Þ. The Alfvén wave interaction with the ionosphere is determined by the admittance of Alfvén waves, that is the ratio b þ 2 =e 1 between magnetic and electric components at z ¼ h þ 0. In general, this admittance depends on the Hall conductance R H . Let us find the condition when this dependence becomes insignificant. The proper admittances are found from the Maxwell's equations for TM (magnetic) mode in the atmosphere with boundary condition e 2 ð0Þ ¼ 0 at ideally conductive Earth's surface and for FMS mode in the upper space z [ h with the emission condition at z ! 1 as follows
where j a ¼ ðk
, and k 0 ¼ x=c is the vacuum wave number.
The approximate relationships (8) have been derived under the assumption that realistic wave transverse scale is not very large, namely k ) k A and k ) k 0 . The relationships (8) and (6) enable us to exclude e 2 from (7). Using the condition of current non-penetration into the atmosphere b À 2 ¼ 0 we obtain from (7) the sought-for admittance-type condition for Alfvén waves
Here Y A is the ionospheric surface admittance for Alfvén waves
where d P ¼ ½1 þ cothðkhÞ=ðl 0 xR P Þ is the scale determined by the Pedersen conductance. The second term in (9) corresponds to the influence of the Hall conductivity. Impact of the Hall conductivity on IAR resonance frequencies can be estimated from its influence on the reflection coefficient R A of Alfvén waves from the E-layer. The reflection of Alfvén wave from the ionosphere with the surface admittance Y A is characterized by the coefficient (e.g., Fedorov et al. 2001 )
Correspondingly, the reflection coefficient from the ionosphere with a vanishing Hall conductivity is
where Y
The influence of the Hall conductivity on the reflection coefficient R A can be neglected if the relative error d H is small, namely
Using Eqs. (9), (10), and (11) we find the parameter d H explicitly
For a fixed R P , the magnitude of d H decreases monotonically upon R H decrease (U growth), or upon k increase. For typical mid-latitude dayside conditions (
( 1, so the condition (12) is satisfied universally, irrespectively of R H or k values. On the contrary, for typical mid-latitude nightside conditions S ) 1 (e.g.,
the condition (12) is satisfied only for a sufficiently small Hall conductance R H , whereas the smaller k the smaller conductance ratio R H =R P is necessary. For example, let R P ¼ 0:14 S and k ¼ 10 À1 km À1 , 10 À2 km À1 , and 10 À3 km À1 , then the Alfvénic decoupled model is valid for R H =R P ( 25, 9, and 6, correspondingly.
The estimate (13) is more correct and less strict (though less elegant) than the condition of the Hall effect neglect from (Lysak and Yoshikawa, 2013) k ) ðR H =R P Þ 2 l 0 xR P . However, the simple estimate (13) cannot be used when IAR frequency and the FMS waveguide frequency approach each other under a certain k.
These analytical estimates have been validated by numerical modeling. The numerical solution of the coupled system (2), corresponding to a 4th order differential equation, is considerably more complicated than the analysis of the decoupled Alfvénic mode (3), corresponding to a 2nd order differential equation. The Eqs. (3) remain approximately valid for non-vanishing k 2 6 ¼ 0, within small-scale approximation in radial direction, jk 2 j ( jk 1 j. The possible error upon neglect of the mode coupling owing to the Hall conductance has been estimated with more advanced numerical modeling, based on the system of coupled Eq. (2). The dependence of spectral characteristics of the fundamental (n ¼ 1) IAR harmonic on wave number k was calculated for night hour (16 UT) (Fig. 11) . For this time interval the IRI model gives R P ¼ 0:14 S and R H ¼ 0:16 S. The Alfvénic decoupled model results correspond to the case R H ¼ 0 (solid line). In this case the eigenfrequency and Q-factor practically do not depend on k. Insignificant changes of Re f 1 and Q 1 about 0.01 % are caused by an influence of atmospheric and ground conductivities. For a coupled mode (dashed line), under given R H and R P , the spectral parameters Re f 1 and Q 1 deviate from their approximate values just slightly, $ 0:2 %. The largest variations occur for large-scale modes with k ' 10 À3 À 10 À2 km À1 . However, this example does not imply that the Hall conductivity may be always neglected in IAR studies. Let us consider the dependence of the IAR spectral parameters on R H for a fixed R P . For that we have modified the IRI-derived Hall conductivity r ð0Þ H , multiplying it by a factor a, that is r H ¼ ar ð0Þ H . Figure 12 shows the dependence of spectral parameters on the resultant ratio R H =R P for 3 different values of k. While for small scale waves with k ¼ 10 À1 km À1 the IAR spectral parameters virtually do not depend on the ratio R H =R P , for larger scale waves, corresponding to k ¼ 10 À2 km À1 and 10 À3 km À1 , this influence becomes more significant. For R H =R P $ 2 the influence of mode coupling is still weak, but when R H =R P ! 10 frequency Re f 1 decreases by 20 and 25 %, and Q 1 increases by 17 and 22 %. The numerical calculation results presented in Fig. 12 confirm the condition (12), (13) when the simplified Alfvénic model (3) can be applied for the description of the IAR spectral parameters.
However, this condition has been derived and calculated for the fundamental IAR harmonic. For higher harmonics this condition may be insufficient. For example, calculations for nighttime conditions (16 UT) of the IAR spectral parameters f 4 and Q 4 for the 4-th harmonic (Fig. 13) show that deviation between the full and approximate models is more significant than for the fundamental mode (Fig. 12) . In general, numerical modeling showed that for the first 4 IAR harmonics for a typical mid-and low latitude ionosphere, 8.2 Fig. 11 The dependence of spectral characteristics of the fundamental (n ¼ 1) IAR harmonic on wave number k for night hour (16 UT) (R P ¼ 0:141 S, R H ¼ 0:158 S). The Alfvénic model results corresponds to the case R H ¼ 0 (solid line), the coupled mode model results are shown with dashed line R P =R H 5, the approximate Alfvénic model provides an error of the eigenfrequency and Q-factor determination less than 10 % for wave scales from 10 À3 km À1 up to small scales. At auroral latitudes, where the Hall conductance may be strongly enhanced as compared with the Pedersen conductance owing to electron precipitation, the validity of the decoupled mode approach is limited to a smaller scale.
Discussion
The diurnal variation of the IAR signature occurrence on the ground matches well the diurnal variations of Q-factor predicted by the model. In our model the Q-factor is determined by two main energy loss processes: (a) leakage through the upper IAR boundary into the magnetosphere; and (b) Joule dissipation in the conductive layers of lower ionosphere. During daytime Joule dissipation is the dominating damping mechanism, whereas a leakage into the magnetosphere becomes most significant during nighttime. Fig. 12 The dependence of spectral parameterseigenfrequency f 1 (upper panel) and quality factor Q 1 (bottom panel) of the fundamental IAR mode, on the ratio R H =R P for three different values of k (shown in the legend)
The Joule dissipation may explain a disappearance of the IAR signatures during periods with enhanced electron precipitation during magnetically disturbed times, because such precipitation increases the plasma density in the lower ionosphere, and consequently the Joule dissipation of IAR modes.
Even if an initial IAR driver is linearly polarized, upon propagation across the realistic ionosphere owing to the mode coupling an Alfven wave becomes elliptically polarized. However, just to estimate the IAR eigenfrequencies the mode coupling effects can be neglected (even at altitudes where diagonal tensor elements g 6 ¼ 0) under the condition (12). In the numerical model presented, as in all other IAR models, a coupling of Alfvén and FMS modes owing to the Hall conductance was neglected. The possible error has been estimated with more advanced numerical modeling. This modeling showed that for the lowest 4 IAR harmonics the simplified Alfvenic model under R P =R H 5 provides an error of eigenfrequency and Q-factor determination less than 10 %. Thus, the Alfvénic uncoupled model is adequate to describe spectral parameters of the IAR at middle and low latitudes excited by sources with scales up to $ k À1 10 3 km. Though the mode coupling owing to the Hall conductivity can be neglected under the provided above approximation to estimate the IAR eigenfrequencies, the ground response to ionospheric Alfvén disturbance is due solely to the Hall conductance. In principle a ground response to an ionospheric Alfvén mode can be estimated in the following way: using the approximate equations (3) wave electric and magnetic fields in the ionosphere are found; then Hall current induced by wave electric field is calculated; and finally magnetic components of TE-mode in the atmosphere, as well as of FMS mode in the ionosphere, produced by this Hall current are estimated. However, these estimates are beyond the scopes of this paper. Very small wave structures in the ionosphere, corresponding to kh ) 1, where h ' 100 km is the height of the conductive E-layer, are nearly totally screened from ground magnetometers. Such small-scale Afvénic structures, which are closely associated with auroral electron precipitation, occur predominantly at auroral latitudes. Even smaller structures, about few km, are to be severely absorbed by the collisional ionosphere (Lessard and Knudsen 2001) .
The presented Alfven wave model is the basis for a complete description of the IAR eigenvalues. To interpret specific ground or satellite observations of a spectral structure one has to solve a problem on the excitation of the ionospheric resonator/waveguide by a given source with known frequency-spatial parameters. A numerical solution of such problem on the ionospheric cavity excitation by an atmospheric lightning discharge or a magnetospheric ULF noise will be presented elsewhere.
Conclusion
The term IAR is widely used nowadays to characterize a MHD system with a minimum of Alfven wave field-aligned distribution which can partially trap Alfven waves with certain frequencies an scales. Such systems have been found in the solar atmosphere, terrestrial ionosphere, and planetary environment. IAR can be excited by various mechanisms, and its characteristic signature-multi-band spectral structure, can be used for the spectroscopy of remote plasma objects. For such spectroscopy of the top-side terrestrial ionosphere we have developed a numerical model based on realistic profile of the plasma constituents. The model-derived relationships can be used to restore the plasma density in the maximum of the nightside F-layer or vertical TEC from data of ground magnetometer observations of the frequency scale Df in the IAR spectral pattern. The relevant relationships can be easily recalibrated for any other location with another latitude/inclination parameters. The eigenspectrum given by the numerical model is nearly equidistant, which simplifies the choice of frequency interval for an estimate of Df . The model clearly presents a contribution of Joule dissipation and wave leakage into the dissipative properties of the IAR eigenmodes at different local times. Combination of these factors is shown to determine the occurrence of the IAR signatures during observations. The model predicts a vertical structure of IAR eigenmodes and their effective impedance (E / B ratio) which can be used in low-Earth orbit observations to identify these modes. The widely used Alfvénic approach to the IAR modeling, as has been shown analytically and numerically, is valid at mid/low latitudes for wave transverse scales less than $ 10 3 km. At auroral latitudes, where the Hall/Pedersen conductance ratio may be strongly enhanced owing to electron precipitation, the validity of the decoupled mode approach is limited to a very small scale.
